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Recently, considerable progress has been made in understanding the structure of eigenstates of quasi-one-dimensional (1D) disordered models (see reviews [1] and references therein). In particular, a remarkable scaling behaviour of the localization length has been discovered for finite samples, as well as of other properties of the eigenstates. However, the evolution of wavepackets is still poorly understood, even in the limit of infinite samples. The appearance of saturation phenomena is very similar to the so-called quantum suppression of classical diffusion, which occurs in momentum space of dynamical systems such as the Kicked-Rotator Model (KRM) [2] . However, because of the difference between Anderson localization, that occurs in random media, and dynamical localization, that arises in purely deterministic systems, the equivalence between the two localization phenomena is somehow unclear.
In this letter we study the evolution of initially δ-like wavepackets in a quasi-1D geometry devoting particular attention to their spread and to the fluctuations of the width on different time scales. The results of our numerical investigations are compared with both theoretical predictions for the 1D Anderson model and numerical findings in the KRM. Particular interest is devoted to the evolution on diffusive time scales, a phenomenon which corresponds to classi- cal diffusion in the KRM, while it is absent in the 1D Anderson model (see [3] ). Furthermore, we investigate the saturation of the diffusion due to quantum coherence effects. The mathematical model we consider is the time-dependent Schrödinger equation on a 1D lattice,
where c n (t) is the probability amplitude for an electron to be at site n and H nm is a symmetric Band Random Matrix (BRM), i.e. its entries are independent Gaussian variables with variance σ 2 = 1 + δ nm (where δ nm is the Kronecker symbol) if |n − m| ≤ b and zero otherwise. The parameter b defines the hopping range between neighbouring sites, or, in the quasi-1D interpretation, the number of transverse channels along a thin wire. Equation (1) has been integrated numerically using the self-expanding algorithm of ref. [4] to eliminate finite-size effects.
Since all eigenstates of the Hamiltonian H nm are known to be exponentially localized [5] , the evolution of the wavepacket is expected to exhibit a relaxation to a steady-state distribution in the limit t → ∞. A global characterization of the diffusion and localization properties of a wavepacket is provided by the evolution of the mean-square displacement
where · stands for the average over different realizations (more than 100 in our numerical simulations) of the frozen disorder H nm . The results are reported in fig. 1 , where M and t are scaled to the asymptotic value M ∞ and its square root, respectively. The parameter M ∞ has been accurately determined by averaging M (b, t) over a long time after an initial transient. The good data collapse reveals the presence of a reasonable scaling regime already at moderately high b-values (b ≤ 8). On the basis of the localization properties of the stationary problem (the localization length grows as b 2 ) as well as from the results for the KRM, one expects that, for b ≫ 1, M ∞ grows as b α with α = 4. From our numerical data, we find that the growth is slightly slower (corresponding to an effective exponent α ≈ 3.7) suggesting that b is not large enough to observe the asymptotic behaviour.
An important question related to fig. 1 concerns the convergence law for M to the limit value M ∞ . We have found that the most convincing fitting is provided by the phenomenological expression (similar to the one discussed in [2] )
for the parameter values β ≈ 0.8 and γ ≈ 0.4 (solid curve in fig. 1 ). The above formula is both able to reproduce the diffusive behaviour occurring at short times (t ≤ b 2 ) with the expected value of the diffusion coefficient [6] and to account for an effective level repulsion through the exponent β [2] . Presumably, the observed slow convergence of M is to be attributed to Mott states, which are known to give rise to a logarithmic behaviour in time [7] (see also [8] for KRM). However, an accurate numerical check of this hypothesis is extremely difficult.
The next important issue concerns the fluctuations of M (b, t) for large times (t ≫ b 2 ), when the packet size saturates due to quantum localization. In fact, these fluctuations are related to those of the localization length for individual eigenstates. To shed light onto this problem, we have studied sample-to-sample fluctuations of the width ∆M (b, t) ≡ u(t) 2 − u(t) 2 . The results are given in fig. 2 , where it is seen that the width ∆M converges rapidly to a constant value which is almost independent of b in this range of b-values. This is a rather unexpected behaviour, indicating that fluctuations grow with the same rate as the width does.
In order to better disentangle this question, we have also investigated the temporal behaviour of M , comparing sample-to-sample with temporal fluctuations for a typical realization of the disorder. To this aim, eq. (1) was integrated for a time t = 125 b 2 , discarding an initial transient of length t 0 = 20b 2 (sufficient for M (t) to saturate). The Fourier power spectrum |U (ω)| 2 of the resulting M (t) signal has then been averaged over more than 150 realizations. The results for b = 4, 6, and 8 are reported in fig. 3 in log-log scales under the assumption that |U (ω)| ≃ b α with α = 3.3. One can clearly see that the tails of |U (ω)| 2 have a Lorentzian-type form. Yet, at small frequencies Lorentzian dependence is excluded due to the power law decay given by eq. (3) which suggests a weaker singular behaviour for |U (ω)| 2 as ω → 0; this is well supported by the data given in fig. 3 . In principle, a fluctuation-dissipation theorem allows to connect the relaxation of M to the "equilibrium" value M ∞ with the low-frequency behaviour of |U (ω)| 2 . Unfortunately, an accurate comparison for small ω is beyond our computation capabilities.
However, from our data one can extract the cut-off frequency ω c where the deviation from 1/ω 2 starts (ω c ≈ 0.02/b 2 ). By comparing such a frequency with the average separation between the energy levels which participate in the evolution of the wavepacket, we find that the former is less than 100 times smaller, which again suggests the participation of Mott states in the long-time evolution. Let us recall that Mott states have quite a specific structure: they appear in pairs and are characterized by two humps a distance L apart. This leads to a quasi-degeneracy of the order of ∆ω ≈ exp[−L/l ∞ ], where the localization length l ∞ is typically much smaller than L.
As far as the scaling behaviour of the spectrum |U (ω)| with respect to b is concerned, the estimated exponent α ≈ 3.3 is inconsistent with a constant ∆M/M , even assuming that M ∞ ∼ b 3.7 . This difference could be attributed to finite-b corrections, whose size may depend on the observable under investigation. This is also supported by the fact that our results are in close agreement with the numerical study of the KRM, where it was found that ∆M/M ∼ b −δ with an anomalous exponent δ ≈ 0.6 [9] , corresponding to α ≈ 3.4. Notice that, in the KRM, larger values of the scaling parameter b are numerically accessible.
A further specific problem concerns the asymptotic shape of the wavepackets. The profiles reported in fig. 4 are the result of an arithmetic average over many realizations of the asymptotic profile for several b values. They are plotted with the scaling assumption
which is suggested by the results on the localization length l ∞ of the eigenstates (l ∞ ≃ b 2 [5] ). The reasonable data collapse reveals that this representation is not very much affected by finite-b corrections. From the points corresponding to the different b values, it is possible to observe that the decay in the vicinity of the centre is faster than the asymptotic one. This feature is entirely new with respect to the analogous problem in the KRM, where there is no evidence of two distinct regions [10] . Moreover, a peculiar feature of all our simulations is the profile height at x = 0, which is definitely larger than the extrapolated value from small x's. In fact, by assuming Gaussian fluctuations for the eigenstate components, one can show that f s (0) is larger than the background by a factor 3, if the initial condition is exactly a δ-function ( 1 ). The asymptotic shape f s (x) has been fitted with the analytic expression (see solid line in fig. 4 ) obtained long ago [11] for the standard 1D Anderson model,
where l (1) is the mean free path in [11] , while here it is a fitting parameter which has been found to be close to 0.3. It is remarkable that, in spite of the relevant difference between the 1D and quasi-1D case (the mean free path is of the order of b in the latter and, thus, much smaller than the localization length l ∞ ∼ b
2 ), the asymptotic shape remains the same in both cases. This is in agreement with some arguments put forward in [1] with reference to the eigenstate structure.
From expression (5), one finds that, close to the origin,
while the asymptotic decay is described by
revealing that the decay rate s(x) = d log f s /dx changes by a factor 4. Moreover, because of the power law correction, a direct approach would lead to an overestimation of s(∞) (about 1 instead of ≈ 0.83).
It is important to connect the localization properties of the wavepacket with those of the eigenstates. Contrary to what happens in the KRM, the localization length of eigenstates in BRMs depends on the energy; the relation is given by l ∞ = a 0 ρ 2 b 2 , where ρ(E) is the semi-circle density of states and a 0 is a parameter depending on the shape of the band which, in our case, is equal to 1/6 (for details see [1] and [6] ). If the energy dependence is averaged out, one obtains l ∞ = 1 (in b 2 units), which can be compared with the asymptotic localization length l (a) s of the profile defined as 2/s(∞). From eq. (7), one finds that l (a) s = 8l (1) ∼ 2.4 and thus it is definitely larger than l ∞ . Part of the discrepancy is to be attributed to the different averages over realizations that are involved in the definition of the wavepacket structure (arithmetic) and of the eigenstate localization (logarithmic). Indeed, a logarithmic average of the wavepackets gives a slope 1.3, much closer to 1. The residual difference is presumably due to different weights of energy levels in the spectrum. It is interesting to note that a direct fit of the tail in fig. 4 gives the value l (a) s = 2/s(∞) ≈ 2 (instead of 2.4) in agreement with the kicked-rotator data [10, 12] ; this indicates that the influence of the power law prefactor in (7) is important in numerical simulations for not large enough values of x.
The study of the logarithm of f (n) is also instructive for the characterization of the profile fluctuations. A useful indicator is, in particular, the spatial growth of the asymptotic variance
The results for the case b = 5 are reported in fig. 5 , showing that the variance eventually grows linearly (with a slope ≃ 1.1), indicating that the logarithm of the profile is described by a diffusive process. This is perfectly analogous to what happens for the single eigenstates.
In the centre of the packet (for |x| ≤ 1), instead, σ 2 is almost constant, indicating that the ( 1 ) This is a quite known result, see details in [6] .
amplitude values are essentially independent of one another. This result can be considered as a justification for the previously discussed anomalous fluctuations ∆M/M . In conclusion, we have studied scaling properties of both diffusion and strong localization of wavepackets in quasi-1D (i.e. in 1D random media with long-range interactions). Numerical data show that the wavepacket evolution is well described by the phenomenological expression (3) on all time scales. We have also found that the asymptotic shape of the wavepacket is well reproduced by the analytical expression (5) derived for the 1D case. Another issue addressed in this letter concerns the fluctuations of packet size on different time scales. In particular, we find that the variance σ 2 exhibits a linear growth sufficiently far from the centre of the wavepacket, while it is almost constant in the middle. ***
